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The purpose of this paper is to extend a well known theorem of A.M. 
Liapunov concerning Hurwitzian matrices (n x n matrices with eigenvalues 
in the half plane Re z < 0) to strongly continuous semi-groups of operators 
on a complex Hilbert space. Liapunov’s result may be phrased as follows: 
Let A be a complex n x n matrix and A* its adjoint. Then A has all its 
characteristic roots lying in the half plane Re z < 0 if and only if the solution 
in B of the matrix equation A*B + BA = -I (the identity matrix) is a 
unique positive definite Hermitian matrix (see e.g. ([I] p. 245)). A partial 
extension of Liapunov’s theorem has been given in [2]. This paper is a 
sequel to that paper in the sense that much sharper results than those in [2] 
are obtained if we restrict ourselves to Hilbert spaces instead of general 
Banach spaces. 
Notation. X will stand for a complex Hilbert space with a complex inner 
product (., a). T(t) will denote a strongly continuous semi-group of operators 
of class C, which is defined on X, i.e. a semi-group of operators which is 
strongly continuous on [0, co) and such that T(0) = I (the identity map). The 
adjoint semi-group T*(t) associated with T(t) is also strongly continuous 
of class C,, . The symbols A and A * will denote respectively the infinitesimal 
generators of T(t) and T*(t). The domains D(A) and D(A*) of A and A* 
are dense in X. An Hermitian endomorphism K on X which is non-negative, 
i.e. (Kx, X) 3 0 for all x in X, will be denoted by K 2 0. A sequence {I&} 
of such endomorphisms which satisfies the order relation K, - K, > 0 
whenever n > m will be called monotonically increasing. Such a sequence 
will be said to be bounded above if there is a finite positive constant M such 
that (I&x, EC) < M 11 x /I2 for all x in X and every n. 
Several lemmas will be stated which are necessary in proving the main 
result. 
LEMMA 1. Let {K,) be a monotonically increasing sequence of Hermitian 
endomorphisms on X which is bounded above. Then K,, converges strongly to a 
Hermitian endomorphism on X. 
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Proof. The proof is a consequence of the theorems on pages 263 and 269 
of Riesz and Nagy [3]. 
LEMMA 2. Let B(t), 0 < t < 00, be a family of Hermitian endomorphisms 
on X such that B(t) 3 0 for each t E [0, co), for each (x, y) in 
X x X F+% l(W) x, r)l < + ~0 
and B(t,) - B(t,) 3 0 if t, - t, 3 0, then there exists an endomorphism B on 
X such that B > 0 and lim,,, 11 B(t) x - Bx I/ = 0 for every x in X. 
Proof. From the principle of uniform boundedness (see e.g. ([4] p. 66)) it 
follows that supoGtCm II B(t)/1 < + co. Hence by Lemma 1, we can infer 
that there exists a B > 0 such that 
p+: /I B(t) x - Bx /I = 0 for every x in X. 
LEMMA 3. If, for some x # 0 in X, lz 11 T(t) x II2 dt is finite, then 
pz 11 T(t) x jl = 0. 
Proof. Since T(t) is a strongly continuous semi-group, there exists con- 
stants M > 1 and u > 0 such that 11 T(t)11 < Mewt for all t in [0, co) (see e.g. 
[4]). The condition that sr jl T(i) x II2 dt be finite implies that lim 11 T(t) x]j = 0. 
Assume that li II T(t) x I/ > 0. Then, since 11 T(t) x 11 is continuous and 
lim 11 T(t) x 11 = 0, we can find a constant c > 0 and a sequence of disjoint 
closed intervals & = [ai , bi], i = 1, 2,..., such that for each i: 
(fi; 
II W) x II = MC II x II , 
MC II x II G II WI x II G 2M2c II x II > ai < t < bi , 
and 
(iii) II Vi) x II = 2M2c II x II - 
The semi-group property and (1) imply that for each integer i, 
(1) 
2M2c 11 x jl = I/ T(bi) x II = 11 T(b, - ai) T(a,) x // < MeW(b”-ai)Mc II x I/ . 
Thus 0 < I/w In 2 < (bi - ai) for each integer i. If this is true, then the 
inequality 
+ co = M2c2 I/ x /I2 (& In 2) $2 i < M2c2 // x II2 2 (bi - ai) 
i=l 
< s m /IT(t) x iI2 dt < co 0 
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would be valid, which is impossible. Hence 
lim I/ T(t) X // = lim 11 T(t) x // = lim /I T(t) x I/ = 0. 
LEMMA 4. Let T(t) be a strongly continuous semi-group of class Co on X 
with inJnitesimal generator A. Then a necessary and suficient condition that the 
integrals sz /) T(s) x II2 d s b e convergent for every x in X is the existence of an 
Hermitian endomorphism B on X such that B 3 0 and (2BA%, X) = - Ij x/]~ 
for each z E D(A). 
Proof of Necessity. Assume that for all x in X the integral sz /I T(t) x ]I2 dt 
is convergent. For each t > 0 define the continuous Hermitian endomorphism 
on X which is given by 
B(t) x = j” T*(s) T(s) x ds. (2) 0 
Observe that for x, y in X B(t) satisfies the conditions: 
(0 (B(t) x, Y) = (B(t) y, 4 
(ii) 0 < (B(t,) x, x) < (B(t,) x, x) if t, < t 
and 
(iii> l(W) x, r)l” = 1 j: (T(s) x, WY) ds I2 
G (j: II T(s) x II II WY II ds)’ 
G (j" It T(s) x II2 ds) (I‘; II T(s)y II2 ds) 
0 
,< (j; II T(s) x II2 ds) (jr II WY II2 ds) . 
(3) 
By the principle of uniform boundedness (see e.g. ([4] p. 66)) and (3, iii) 
it follows that supoG,,, I/ B(t)l/ < + a. Then using (3, i), (3, ii), and 
Lemma 2 it follows that there exists an Hermitian endomorphism B on X, 
with B > 0, such that for each x in 
X F+% I/B(t) x - Bx 11 = 0. 
Let f E D(A). Define the function 
V(t, x) = (BT(t) %, T(t) 2) = jm jj T(t + s) %\I2 ds. 
0 
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Since f E D(A) the derivative of V(X, t) with respect to t exists and is given by 
v = 2(&4zyt) z, T(t) x) 
==2Llil 
I 
’ (AT(t + s) x, T(t + s) a) ds 
0 
= lim 7+02 s :$I1 W+s)Wds 
(4) 
because of Lemma 3. This proves necessity. 
Proof of Suficiency. Suppose there exists an Hermitian endomorphism B 
on X, with B > 0, and such that for all K in D(A) 2(B&, 3) = - 11 Kl12. For 
each x in X define the function V(‘(x, t) = (BT(t) x, T(t) x). Since B is non- 
negative, this implies that V(x, t) > 0 for all t >, 0. Let z E D(A). Then 
V(%, t) is i er n ia d ff e t bl e with derivative 
d’vF t)) = 2(BAT(t) x, T(t) s) = - 11 T(t) %l12. 
Hence 
0 < v(% t) = v(5, 0) - j-” 11 T(s) f&II2 ds, 
0 
which means that 
(5) 
V(n, 0) 2 s” I/ T(s) z/j2 ds for all t to. 
0 
The inequality 11 T(t) (x, - x)1\ < Mewt /j x, - x II shows that if x, ---f x, then 
T(t) x, -+ T(t) x uniformly on compact intervals. Hence the inequality (5) 
is true for all x in X since D(A) is dense in X. This means 
(Bx, x) = V(x, 0) Z /; II T(s) x II2 ds 
for all x in X and proves sufficiency. 
(6) 
LEMMA 5. If C is a convex symmetric set in X which has a nonempty interior, 
then the zero vector, q5, is in the interior of C. 
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Proof. Let U be any open set in C. By symmetry - U = {x : - x E U} 
is also open in C. Hence, because of the convexity of C, the set 
is an open set in C which contains 4. This proves the Lemma. 
LEMMA 6. If T(t) is a strongly continuous semi-group of operators of class C, 
dejked on X and such that for all x in X lim,,, /I T(t) x 11 = 0, then there 
exists a constant M 3 I such that 11 T(t)11 < M for all t E [0, co). 
Proof. For each natural number k define the set 
X(h) = {x E X : 11 T(t) x 11 < 1 if t 3 k}. 
It is trivial to verify that for each k, X(k) is a closed convex symmetric set 
which contains the zero vector of X. Moreover X = lJ& X(k). Hence by 
the Baire category theorem (see e.g. ([4], p. 20)) there exists a k, such that 
X(k,) has a nonempty interior. By Lemma 5 this implies that the zero vector 
of X is in the interior of X(k,). Hence there exists a 6 > 0 such that 
{x : jl x 11 < S} C X(&J. Th’ is means 11 T(t) x /I < l/S if /I x/I = 1 and t 3 k, , 
i.e. Ij T(t)/1 < l/6 if t > k, . Since jl T(t)(l is also bounded on [0, k,,] (see e.g. 
[4]) it is bounded on [0, GO). This completes the proof of the Lemma. 
We are now in a position to prove the main result. 
THEOREM. A necessary and sufficient condition that a strongly continuous 
semi-group of operators T(t) f 1 o c ass C, dejned on a complex Hilbert space X 
satisfy the condition 11 T(t)11 < M0e-at, where 1 < M0 < co and 0 < a: < 00, 
is the existence of an Hermitian endomorphism B on X, with B > 0, such that 
for all x in the domain of the injinitesimal generator A of T(t), the relation 
2(BAx, x) = - 11 x II2 hoZds. 
Proof of Necessity. Suppose 11 T(t)11 < Maeeat. Then for every x in X the 
integral jr I/ T(s) x II2 d s is convergent. Moreover, if we define the mapping 
B of X into itself which is given by Bx = J-r T*(t) T(t) x dt we easily verify 
(see e.g. ([2], Theorem 1)) that B is a symmetric endomorphism on X, B 3 0 
and that 2(BA%, 2) = - II X iI2 for % E D(A). 
Proof of SuJiciency. If there exists an endomorphism B on X, with 
B 3 0, such that ~(BAz, 3) = - I/ X/l2 for all % E D(A), then, by Lemma 4, 
the integral sr (/ T(s) x II2 d s is convergent for all x in X and consequently, by 
Lemma 3, lim,,, I/ T(t) x jj = 0 for all x in X. Hence, by Lemma 6, /I T(t)11 
is uniformly bounded on [0, oo). Also, since B is a bounded linear operator, 
inequality (6) shows that there exists an %i > 0 such that 
I m II T(s) x II2 LQ < Mll x II2 II 
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for all x in X. Consequently we may assume that there is a constant M such 
that the inequalities 
(9 II T(t) 6% II < Jz II x II 
and 
O” 
(7) 
(ii) 
s IIT(t) x II2 A < M II x II2 0 
are satisfied for all x in X. 
Let 0 < E < l/M. For each x # 4 in X let t(x, c) be the number such that 
(Mc)ljz I] x 1) < I] T(t) x I/ on [0, t(x, c)]. Since ME < 1 and Ij T(t) x ]I + 0 
as t -+ co the existence of such a number is guaranteed for all x # $. Notice 
that by 7(i) and the semi-group property that if t 3 t(x, E) then 
I/ T(t) x /I < M3/2~1/2 II x I/ . 
On the basis of 7(ii) the following inequality holds for each t(x, c): 
(f4 
MC: 11 x II2 t(x, 6) < s:‘“” II T(t) x II2 dt d j, II T(t) x II2 dt G M II x II’. 
That is, t(x, E) < l/ E f or all x # $. This shows that t(x, c) is independent of x. 
Thus because of (8) it follows that if t > l/r, then 
11 T(t)/1 < M3/22/2. (9) 
Choose E = e-2/M3. Then I/ T(t)/1 < e-l, if t 2 IMae2 = t(e). It is well 
known that w = lim,,, l/t In I] T(t)11 exists and that for all /3 > w there 
exists a constant MB such that 11 T(t)11 < MPeet (see e.g. [4]). Thus if, in (9), 
we set E = e-2/M2 we see that 
1 =--* 
M3e2 
On the basis of the above discussion we can find an M0 such that 
I] T(t)11 < Moe-OLt, where 01= 1/2M3e2, for all t. This completes the proof of 
sufficiency. 
COROLLARY. A necessary and suficient condition that a strongly continuous 
semi-group T(t) of class Co dejked on a complex Hilbert space satisfy the condi- 
tion 11 T(t)/1 < Moe--at, where 01 > 0, is that for each x in X the integral 
c 11 T(t) x II2 dt be convergent. 
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EXAMPLE. It might be supposed that if lim,,, jl T(t) x I[ = 0 for all x in 
X it would be possible to infer exponential decay for 11 T(t)// . This is not the 
case as the following example demonstrates. 
Consider the sequence space /a of all real sequences (al ,..., a, ,...) such that 
Cz1 ai < + CO. On /, define the semigroup of operators 
T(t) a = (e-Qz, , e-ljeta2 ,..., e-lintan ,...) 
where a = (aI , ua ,..., a, ,... ). Clearly T(t) is strongly continuous of class 
Co . However, for each t in [0, co), 
sup 11 T(t) a 1) = lim e-lint = 1. 
Iloll=l ?wm 
Hence )I T(t)// = 1 for all t >, 0. Yet for each point a in 8, we have 
pz II T(t) a 11 = 0. 
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